6.1  What does predictive deconvolution do?
From Equation (5.86), predictive deconvolution predicts the values, after a spec​ified prediction distance, of each point in the seismic wavelet and then subtracts these values from the wavelet. Predictive deconvolution therefore simply short​ens the length of the wavelet by truncation; it does not take all of the energy of the wavelet and concentrate it toward the front. It is a simple truncation. Any prediction distance can be used. If the prediction distance is unity (α = 1), then this is known as a "spiking deconvolution", and the filtered output will simply be a wavelet that has been shortened to an impulse (see Figure 5.7). In the ideal case, the impulse will be directly proportional to the reflection coefficient. If the prediction distance is any other value, then the wavelet will (ideally, in a noise-free environment) be truncated after the prediction distance (for example, see Figure 5.6); that is, wavelet shortening is accomplished by wavelet truncation. For values of α > 1 the de-convolution is called a "gapped deconvolution". 
If the prediction distance can be chosen such that it coincides with a zero-crossing of the (generally unknown) wavelet, then the amplitude values of the wavelet will increase from an initial  value of something close to zero and terminate near a value of zero, perhaps, say, near the second zero crossing of the wavelet. Note, however, that re-shaping of the wavelet by predictive deconvolution is done by a simple truncation of the wavelet, not by repositioning the zero crossings of the wavelet. It is clear that the process of predictive deconvolution does not redistribute the total energy in the wavelet toward the front of the wavelet leaving the total energy of the wavelet unchanged, because what we do is to successfully predict an actual nu​merical value of any point and discard everything after that, so wavelet energy is being discarded. 
From another point of view, in order to arrive at a shortened wavelet, we are essentially spiking out the wavelet and then convolving that impulse with a desired output that is the front part of the wavelet (although we don't explicitly perform such a separate, second convolution). But to spike out the input (any input of any delay characteristics) requires a filter of infinite length (there can only be one theoretically correct inverse filter that converts the input to a "1" at t = 0.). 
A consequence of this observation is that the longer the predictive deconvolution filter is, the more perfect the desired prediction will be. Filters of infinite length, however, are not practical. Therefore we don't get a perfect deconvolved output, only one that is "perfect" in a least-squares sense. Examining the predictive deconvolution of wavelets with long filters does, however, provide insight into what the mathematics is attempting to do, and one conclusion we can make is that wavelet energy is not being redistributed. If the prediction is not perfect then it is because we can do nothing else but choose a filter of finite length.
What are the consequences of predictive deconvolution? We can get some insight by examining what happens in a noise-free (synthetic) or low-noise (high S/N ratio) environment. Synthetic data have always been useful for this pur​pose. A review of the proceeding mathematical development suggests the fol​lowing:
1. Predictive deconvolution is a wavelet truncation process.
2. If the prediction distance is not chosen carefully, then the result of predic​tive deconvolution will be " hanging wavelets" where the wavelet amplitude suddenly drops to zero. This is easily seen when dealing with noise-free data (Figure 5.7), but will not be as obvious in the usual situation of hundreds of overlapping wavelets.
3. If the prediction distance is chosen to be unity (α =1), then predictive deconvolution discards most of the energy of the wavelet (everything after the first point) and what remains is simply the first value of the wavelet, which is always of low amplitude anyway. Therefore, a "spiking decon" can drastically lower the S/N ratio of the wavelet (or of the many wavelets that are embedded in the seismic trace). What, therefore, is the point of this common practice of "spiking-decon" ? Although our objective can be clearly stated, i.e., to convert wavelets to unit impulses ("spikes") thereby improving seismic resolution, this is an ambitious goal. We know that a unit impulse contains all frequencies from zero to infinity, each frequency with the same relative amplitude. We would be required to design a filter that would not only amplify (in a relative sense) the high-frequency components of the wavelet spectrum, but the low-frequency ones as well; however, the relatively low and high frequencies were not recorded in the field in the first place! Any noise present in the wavelet (or trace) will be amplified along with the same fre​quencies that are present in the signal. The result is a noisy seismic trace. 
Predictive deconvolution can therefore drastically lower the S/N ratio. It is common practice to observe a noisy trace after a spiking deconvolution. The next generally accepted step is to use a "cosmetic" bandpass filter to limit the frequency content to the original bandwidth of the wavelet and to eliminate the high-frequency noise caused by the deconvolution; however, the S/N ratio of the data might already have been severely com​promised. The dynamic range of the seismograph is necessarily limited by the number of bits in the A/D converter, the seismometer frequency response, etc. Said another way, if you want high-resolution seismic data, then you must record the low-frequencies as well as the high at the same time. We do the best we can, and this turns out to be quite good indeed.
4. After predictive deconvolution, the truncated wavelet may be minimum-, mixed-, or maximum-delay. Although deconvolution results in a wavelet of shorter duration, the seismic trace still does not yield up an isolated wavelet whose delay characteristics can be directly examined. One can autocorrelate the seismic trace and use Hilbert transforms to recover a wavelet, but the recovered wavelet will always be minimum-delay (see the discussion in Section 8.5.1), and this might not be even close to the actual wavelet shape that left the sourcepoint.
From a mathematical standpoint, the choice of the prediction distance a is arbitrary, but it is useful to examine what happens in the ideal noise-free case if a is intentionally chosen to coincide with the maximum amplitude of the wavelet. A minimum-delay wavelet is shown in Figure 8.53 with its zeros shown in Figure 8.53a. The numerical values of the wavelet used in the figure are
(2.10452, 2.38015, -10.8688, -12.3648, 23.3776, 26.7594,-26.8054, -30.8804, 17.2808, 20.0417, -5.93884, -6.936,0.85, 1)
and the input wavelet is shown as a "stick-o-gram" in Figure 8.53b, and as a more conventional continuous plot in Figure 8.53c. The prediction distance was chosen to be α = 6.
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Figure 8.53: (a) Zeros of wavelet shown in (b) as a line plot and in (c) as a continuous plot, a = 6 chosen to coincide with top of the wavelet. From n = 6 on, wavelet is zeroed out by filter in (d). (e) and (f) Output from predictive deconvolution. Truncation of wavelet is clear in (e), but not in (f) be​cause conventional plotting software draws a continuous line from the top of the wavelet to the zero axis. Wavelet after predictive deconvolution is not minimum-delay. HangingWavelet.nb —> PredictiveDeconvolution-Wavelets.cdr —>HangingWavelet.wmf
The prediction distance α is also referred to as the "gap" by some software packages and the filtering process described above is known as "gapped de-convolution" . A commonly accepted 'value of a can be obtained by examining the autocorrelation function and choosing the "second zero crossing". Trunca​tion of the wavelet after the second crossing would leave one positive and one negative lobe, more or less, and this result is at least an approximation to a real, physically realizeable wavelet. In any case, resolution would be consider​ably increased after predictive deconvolution. Some software packages have an option to have the second zero-crossing chosen automatically by a search algo​rithm. In practice, an autocorrelogram of unstacked shot traces is generated and the interpreter picks a few zero crossings and lets the computer do a linear interpolation for the others. In the examples of Figures 8.44, 8.54, and 8.55, however, it is clear that there is no near-zero value of the wavelet near the second zero-crossing of the autocorrelation. These examples are included to emphasize that we do not know what is happening to the shape of the wavelet in a seis​mic trace. The zero-crossings of the autocorrelation do not coincide with the zero-crossings of the wavelet. The second zero-crossing is, however, commonly chosen because it produces a deconvolved wavelet that resembles a physically realizeable minimum-delay wavelet. We suggest an alternative choice of a on page 491.

Figure 8.54: Top: The same wavelet of Figure 8.52. Bottom: Autocorrelation of this wavelet. Only the positive lags are plotted. Note that the zero-crossings of the autocorrelation do not coincide with the zero-crossings of the wave​let (arrows). The second zero-crossing is, however, commonly chosen and is generally more desireable than choosing the "first zero-crossing" if the desired result is a wavelet shape that resembles a physically real-izeable minimum-delay wavelet. SecondZeroCrossing.nb —* SecondZero-Crossing.cdr —»SecondZeroCrossing.wmf
Predictive deconvolution and mixed-delay wavelets
The matrix equation for predictive deconvolution, Equation (8.79), is
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(6.1)

where the input is shifted to the right with respect to the desired output in order to compute the crosscorrelation coefficients. Predictive deconvolution applied to wavelets is therefore effective only for minimum-delay wavelets. In Figure 6.1 a minimum-delay wavelet and a mixed-delay wavelet (a Ricker wavelet) are shown along with their deconvolved counterparts. It is clear that the deconvolution is successful only for the minimum-delay wavelet.

Figure 8.55: (a) Wavelet, (b-e) Choosing the second -zero-crossing of the trace au​tocorrelation results in wavelet truncation, as shown in (a). Choos​ing second peak of trace autocorrelation minimizes wavelet trun​cation, as shown in (a). (AutocorrelationOfASeismicTrace.nb —» RandT1980Appendix6-l.cdr —» ChooseAuto.wmf)
Deconvolution of a seismic trace
Each interface in a layered medium gives rise to reflected and transmitted wavelets. We showed earlier that, for an interface reflection coefficient as high as ± 0.3 then 0.92 % of the amplitude of the incident wave will be recovered after two-way transmission through the interface. For our purposes here it will there​fore be sufficient to neglect transmission coefficients and just consider reflection coefficients associated with each interface.
The approximation of the reflectivity function (the series of reflection coeffi​cients) by a sequence of random numbers has been shown to be a highly success​ful part of the convolutional model of reflection seismology [164]. That is, if the reflection coefficients contained within different time gates are examined, they are uncorrelated. Thus, convolution of a minimum-delay source wavelet with a sequence of random numbers is a useful tutorial model to examine predictive deconvolution. Such a wavelet and a set of reflection coefficients are shown in Figure 6.2.
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Figure 8.56: Predictive deconvolution (PD) applied to non-minimum-delay wavelets. Top left: Minimum-delay wavelet. Top right: mixed-delay wavelet (Ricker wavelet). Prediction distance a = 15 for each. Bottom left: De-convolution successful for minimum-delay wavelet. Bottom right: De-convolution not successful. Similar comparisons are obtained for any value of a. Delaying the input in order to obtain a beter approximation to the desired output (Figure 8.38) does no good in the case of PD be​cause the entire crosscorrelation function is not used in (8.89) whereas it is used in (8.61). PDAndNonMinimumDelay.nb —» PDAndNonMini-mumDelay.cdr —> PDAndNonMinimumDelay.wmf

For Figure 8.57, the autocorrelation coefficients required for the predictive deconvolution were determined from the wavelet itself, which, for purposes of discussion, was minimum-delay and assumed to be known. The sequence of reflection coefficients is shown in Figure 8.57c. It is important to note that the two-dimensional space-time sequence of reflection coefficients is in fact the rep​resentation of the geologic layering that we seek. How the reflection coefficients line up in space and time is an image of the subsurface geometry. If the wavelet left the energy source as a unit impulse, and remained so during transmission through the earth, then we could record a sequence of reflection coefficients, but this is not possible because of absorption near the energy scource as well as along the path of transmission. The time duration of the wavelet must therefore be shortened after it has been recorded.
For a = 1, a "spiking decon", the deconvolved trace is shown in Figure 8.57d. The deconvolution has discarded everything except the first point in the wavelet and has therefore recovered the shape of the reflectivity function itself. Compare (d) with (c). The additional deconvolved traces shown in Figures 8.57e and fare Figure 8.57: For this figure, the autocorrelation coefficients were determined from the wavelet, not from the autocorrelation of the seismic trace, (a) The same minimum-wavelet of Figure 8.53b and (c). (b) The seismic trace, i.e., the convolution of (a) with (c), the sequence of reflection coefficients, (d) The seismic trace of (b) after "spiking decon", i.e., a = 1. The reflectivity function is recovered (these are synthetic data, so this is possible). Actu​ally, the recovered reflectivity function has been scaled by an unimportant constant and normalized for this plot. See Equation (8.69). (e) The seis​mic trace after choosing a to be equal to the first zero-crossing of the wavelet, (f) The seismic trace after choosing a to be equal to the second zero-crossing of the wavelet. SyntheticSeismogramForPD.nb —> Predic-tiveDeconvolutionWavelets.cdr —> SyntheticSeismogramlForPD.wmf
deconvolutions used greater "gaps", or values of a— in this case chosen to be equal to the first- and second zero-crossings of the wavelet shown in Figure 8.57a. The result of any of these deconvolutions is to shorten the length of the source wavelet by discarding wavelet energy via wavelet truncation.
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Removal of trace energy after predictive deconvolution
The decrease in total trace energy after deconvolution is certainly one measure of the success of a deconvolution— energy has been removed. That is, the wavelet has been shortened. The energy change after deconvolution has been determined for various values of a and is shown in Figure 8.58 as the ratio of the total deconvolved trace (d?) energy to the trace energy before (6f) deconvolution using the definition
Energy ratio =
energy after deconvolution energy before deconvolution
From Figure 8.58 the energy of the deconvolved trace decreases rapidly as the value of q decreases. Thus, predictive deconvolution using shorter prediction distances may be viewed as a process that discards energy, which is to be ex​pected in removing reverberations; however, in the absence of reverberations it will discard energy associated with the primary source wavelet itself.
Figure 8.58: Vertical axis: ratio of total trace energy after deconvolution to that be​fore. Horizontal axis: Prediction distance a. The wavelet referenced is shown in Figure 8.52. Removal of trace energy increases rapidly with decreasing values of a. SyntheticSeismogramForPD.nb —> PredictiveDe-convolutionWavelets.cdr —> Energy VersusAlpha.wmf
Effect of Design Window on Deconvolution
To show the effect of the width of the window used to design the prediction oper​ator (not the prediction error operator) we can generate a synthetic seismogram of, say, 500 points and then attempt to recover the reflection coefficients by using design windows of different widths. This is an extreme test because we will be reshaping a minimum-delay wavelet to a unit impulse. Recall that any inverse filtering procedure used to change the shape of a non-reverberating primary source wavelet is conceptually, but not computationally, a two-step process:
1. Convert the entire wavelet to an impulse at its first value, and
2. Convolve the impulse with the desired output. This step does not involve any consideration of filter convergence, no matter what the delay proper​ties of the desired output might be. It is always Step 1 that requires the filter of infinite length; the longer the least-squares filter, the closer the actual output will approach the desired output.
The effect of the width of the design window on predictive deconvolution is shown in Figure 8.59. The reflection coefficients (500) were generated us​ing Mathematical random number generator and then convolved with the minimum-delay wavelet shown in the figure. The prediction filter with a = 1 was designed from segments of the seismic trace starting at the beginning of the trace. Window widths used for filter design were 100, 200, 300, 400, and 500 points. As can be seen from the figure, and as anticipated from theory, recovery of the reflection coefficients improves with increasing window width (increasing length of the prediction filter as per Item 1 above).
Minimum number of points in the design window for a non-reverber​ation trace
The above results suggest that the minimum width (number of points) in the de​sign window (minimum length of prediction filter) is approximately 300 points. Within the design window, recovery is excellent for the larger window widths showing that, to the extent that the reflectivity function is random,
Autocorrelation of trace = P    x    Autocorrelation of wavelet
where P is a simple proportionality constant. Application of the prediction error operator to that portion of the trace outside of where the filter was de​signed gives less satisfactory results, as shown. As a reference standard for what the optimum deconvolution should be, a deconvolution using a prediction er​ror filter designed from the autocorrelation coefficients of the wavelet itself are shown in Figure 8.59h. See the CD-ROM that accompanies this volume for the Mathematica program PDacfComparisons.nb used to generate Figure 8.59.
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Figure 8.59: Top (a) Input reflection coefficients, (b) Input reflection coefficients re​covered using autorrelation of wavelet. All deconvolutions for a = 1. (c) through (g) Deconvolutions of trace using autocorrelation of trace with analysis window widths increasing from 100 to 500 points, (h) Same as (b). Input reflection coefficients recovered using autorrelation of wavelet. Successful recovery of the reflection coefficients improves with increasing width of the design window, and is not as good if the filter is designed in one window but applied outside of the design window, be​cause the reflectivity function is not perfectly random. Figure generated using Mathematica program PDacfComparisons.nb on page 490. PDacf-Comparisons.nb —> PDacfComparisons.cdr —> PDacfComparisons.wmf
What are the observable effects of wavelet truncation?
"Spiking deconvolution" generally introduces high-frequency noise because of the attempt to shorten a primary source wavelet to a unit impulse. A different source of noise, however, is the high-frequency effect of wavelet truncation in cases for which the value of a is not chosen to coincide with one of the zero-crossings of the wavelet. This effect is easily seen if the trace-plotting software of commercial processing packages can be altered in such a way as to prevent the joining of successive ordinates of the sampled data, and instead plot the trace as a series of unconnected "spikes", as shown in Figure 8.60c and d. Here, values of a = 10 and 39 were chosen to represent severe and essentially no truncation, respectively. One can use this type of plot to 
1. Provide an observable but qualitative measure of the undesireable high-frequency effects of wavelet truncation, in order to avoid the necessity for the application of a post-processing "cosmetic" low-pass filter and further distort what remains of the primary source wavelet after truncation, and
2. Minimize truncation effects by examining plots such as those shown in Figure 8.60c and d versus a. This is not possible by examining the trace energy subtracted by successive applications of predictive deconvolution using different values of a because, according to Figure 8.58 at least, the increase in trace energy appears to be a smooth monotonic function of increasing α.
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Figure 8.60: Top: (a) Minimum-delay wavelet, (b) Autocorrelation of seismic trace (trace before deconvolution not shown), (c) Deconvolved trace, differenti​ated, then plotted without joining ordinates. Differentiation emphasizes wavelet truncations. This method of plotting clearly shows noisier decon​volution caused by wavelet truncation for a = 10. (d) Differentiated trace plotted without joining points and with a = 39 (second zero crossing of wavelet). Higher frequency content evident in (c) because of termina​tions from wavelet truncation. Qualitative observations confirmed by higher numerical values of (c) as compared with (d). EdgeDetection.nb —> EdgeDetection.cdr —»EdgeDetection.wmf
An alternative to spiking deconvolution?
The total energy removed from the seismic trace by predictive deconvolution as a function of a is shown in Figure 8.58. Trace energy that remains after deconvolution increases rapidly with increasing values of a. For a spiking de-con (a = 1), attempts to whiten the spectrum introduce noise because the highest (as well as the lowest) frequencies were not even recorded in the field. Of course, this is not a problem with synthetic data. If a less demanding value of a is used, however, say a = 4 points, then a reasonably good approxima​tion to the reflectivity function (the geology) can be obtained. This is shown in Figure 8.61 where a good comparison between the deconvolved trace and a smoothed reflectivity function has been obtained by
1. Use of a gap of a = 4 points, and
2. Application of a 3-point moving-average filter to the recorded seismic trace before deconvolution. Compare Figure 8.61d and e, the latter representing the reflection coefficients after a 3-point moving average filter is applied. Figure 8.61d is the seismic trace after predictive deconvolution using a = 4.
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Figure 8.61: Top: a) Reflection coefficients— 1000 used to generate synthetic trace, only 250 plotted, b) Minimum-delay wavelet, c) The seismic trace— con​volution of a) and b). No smoothing, d) Deconvolved trace with a = 4. Seismic trace has been smoothed before deconvolution with a 3-point moving average filter, e) The reflection coefficients shown in a) after a 3-point moving average filter has been applied to c). Compare d) and e). The deconvolution is a close approximation to the "geology". The message of the figure is to suggest that a gap of a = 4 points gives better results than either a spiking decon, which tends to result in a noisy trace, or a second zero-crossing decon, which results in less resolu​tion. DoesTruncationMakeADifference.nb —> DoesTruncationMakeADif-ference.cdr —>AlphaEquals4.wmf

This is suggested as an alternative to spiking deconvolution where the ob​jective is to shorten the length of the non-reverberating primary source wavelet. See the CD-ROM that accompanies this volume for the Mathematica program DoesTruncationMakeADifference.nb used to generate Figure 8.61.

Thin beds
A sequence of thin beds is shown in Figure 8.62 with bed thickness increasing horizontally (time thickness in sample points in italics) and prediction distance increasing vertically downward from a = 1 to a — 8, the latter corresponding to the maximum wavelet amplitude of the first half-cycle of the same wavelet shown in Figure 8.52. These results suggest that an optimum value of a is a = 4 sample points because this prediction distance preserves the derivative waveform that is characteristic of reflection from a thin bed. Neither the first nor the second zero-crossing of the wavelet performs as well, and smaller values of a would promote a lower S/N ratio (see Figure 8.58) for the trace and do not produce a derivative waveform.
Effect of noise on predictive deconvolution
The effect of adding random noise to the seismic trace is shown in Figure 8.63. Again, the deconvolution filter was computed from the autocorrelation of the wavelet rather than from the trace. The usual approach taken for the addition of white noise to a trace before predictive deconvolution is to increase the value of the zero-lag autocorrelation coefficient tq by something from zero to about 5%. Here, we simply add random noise to the trace before autocorrelation and ob​serve the increase in the value of tq. The percentage of noise added in these examples is that percentage of the standard deviation of the trace that results in an increase in the value of tq such that tq increases by about 5% for the noisy trace when a is set equal to the second zero-crossing of the wavelet. The re​sults show that, for the same noise level but different values of a, random noise has less effect for greater prediction distances. Retention of just the first two wavelet points (a = 2) in the presence of random noise (Figure 8.63) results in an unacceptable deconvolution. If the first eight wavelet points are retained then deconvolution of a noisy trace is acceptable, but only after smoothing the de​convolved trace with a moving-average filter, say 11 points (Figure 8.63). Recall that the deconvolved "wavelets" shown in the figure are fragments of truncated wavelets, a normal consequence of predictive deconvolution. No comparisons of noisy and noise-free traces for a > 8 are shown because the deconvolutions of the noisy traces for values of a greater than 8 are excellent. The reader can run the Mathematica program SyntheticSeismogramForPDWithFold for other values of a, especially for first-and second zero-crossings of the wavelet.
All results shown in Figure 8.63 were obtained with a program that uses a translation of a convolution subroutine called FOLD from Robinson [148] to a Mathematica subroutine named f old[a_,b_]. See the CD-ROM that ac​companies this volume for the Mathematica program SyntheticSeismogramFor-PDWithFold.nb used to generate Figure 8.63.

Figure 8.62: Top (a) minimum-delay wavelet, (b) the reflection coefficients, (c) seis​mic trace, the convolution of (a) with the reflection coefficients, (d) through (i) are synthetic seismograms showing the effect of var​ious values of a (increasing downward) versus bed thickness in sam​ple points (increasing thickness from left to right). The characteris​tic derivative waveform of a reflection from a thin bed is preserved for all values of 1 < a < 8 sample points and for thin-bed thick​ness > 4 two-way time sample points. All deconvolutions for thin-bed thicknesses > 4 and for any value of a are clearly an improvement over the recorded trace (c). SyntheticSeismogramForPDThinBed.nb,cdr —>SyntheticSeismogramForPDThinBed.wmf

Reverberations
We reviewed a deterministic model for the removal of reverberations generated by a water layer (Section 8.2 on page 394). The reverberations were removed by simply knowing the water depth a and the water-bottom reflection coefficient, re. As usual, the wavelet reverberating in the water layer does not have to be minimum-delay. Possibly it is a Klauder wavelet from a vibrator source over a thick near-surface low-velocity layer, or it might be a water gun signature or an event from an explosive source. The only requirement was that the rever​berations themselves be minimum-delay, which they are because the reflection coefficient at the bottom of the water layer is less than unity in magnitude. Each successive reverberation of the wavelet, therefore, produced a reflection of lower amplitude than the one before. Hence, the concentration of energy is located at the beginning of the reverberating wave train. Although the determinis​tic model described in Section 8.2 provides general insight into the problem of inverse filtering, the variations that we encounter in earth structure, earth layer​ing, thickness of a water layer, and near-surface conditions make it impractical to estimate the water depth and water-bottom reflection coefficient. We need a more general approach to the removal of multiples. Predictive deconvolution is one of the most useful approaches.
Choosing the autocorrelation window for removal of reverberations by predictive deconvolution
We record a reflection arriving at some time t and want to shorten this event in order to increase seismic resolution. Whatever the source of the event, it started out as a seismic wavelet of some finite duration that left the source point and encountered layering of some sort within which reverberations were produced. This resulted in a longer source wavelet— an "effective source wavelet" so to speak. These effective source wavelets from the many subsurface reflecting interfaces overlap in time and degrade the seismic resolution. Our discussions so far have been concerned with the pros and cons of shortening the primary source wavelet itself by predictive deconvolution. Now we concern ourselves with removing scaled down "copies" (multiples) of the primary source wavelet, thus eliminating the reverberations.
Long-period multiples
Long-period multiples are defined as reverberations of the primary source wavelet that arrive sufficiently separated in time so that they do not overlap with each other. This is illustrated in Figure 8.64 for a "water-confined reverberation spike train". These are the multiples generated in the "Backus water-layer fil​ter" (Section 8.2), which was discussed earlier from a z-transform point of view. In z-transform notation (Section 8.2), the equation for the "water-confined reverberation spike train" is
(l + rza)
where r is the water-bottom reflection coefficient and a is the time in sam​ple intervals between successive scaled down "copies" (reverberations, arrivals, multiples) of the primary source wavelet. Expansion of Equation (8.34b) using Mathematica's function Series is shown in Figure 8.64c. Convolution of this with the primary source wavelet is shown in (d). The reader is encouraged to run the program PDMultiples, which was used to generate all of the examples in this section.
The assumption that the autocorrelation of the seismic trace is strictly pro​portional to the autocorrelation of the source wavelet is not correct unless the reflectivity function is perfectly random. Comparisons of deconvolutions using wavelet autocorrelations versus trace autocorrelations are shown in Figure 8.59. Of course, for synthetic data, perfect recovery can be expected if there are no random components in the deconvolution model. Using the autocorrelation co​efficients computed directly from the reverberating source wavelet instead of from the trace satisfies this condition, as shown in Figure 8.64.
Excellent results were obtained earlier from predictive deconvolution by us​ing the autocorrelation coefficients derived from the source wavelet; however, if the source "wavelet" is now considered to be a reverberating train of multiples of the primary source wavelet then we should expect comparable results if the coefficients are computed from the reverberation wave train, as shown in Fig​ure 8.64c. There is no statistical component involved in this model even though predictive deconvolution is used.
As shown in Figures 8.64 and 8.65, the prediction error filter has successfully truncated the reverberating "effective source wavelet", leaving only the primary source wavelet. .
By definition, long-period reverberations have individual multiple reflections separated from one other. Autocorrelation functions computed from such re​verberation wave trains therefore lose no phase information associated with each reverberation event, and predictive deconvolution can effectively remove the reverberations regardless of the delay characteristics of the primary source wavelet. By definition, short-period reverberations interfere with each other and are recorded as a single long, "effective source wavelet" as shown in Fig​ure 8.66 (top). Phase information about individual interfering reverberations is lost after autocorrelation. Predictive deconvolution can be applied to the reverberation to shorten its duration but the result will be a truncation of the short-period reverberation instead of recovery of the primary source wavelet. Recovery of the primary source wavelet is not possible, but the short-period reverberation can be effectively shortened, as shown in Figure 8.66.
It is instructive to look at the numerical values of the prediction error fil​ter (Equation 8.80). We choose short-period multiples (n = 20), a prediction distance of a = 20, and compare the exact numerical values of the inverse filter known from 2-transform theory with those obtained from the least-squares ap​proach of predictive deconvolution. The z-transform of the finite Backus 3-point inverse filter is 1 + rzn + 2rz2n. These exact coefficient values can only be obtained from predictive deconvolution in the limit as the length of the rever​beration deep-reflection spike train, and therefore its autocorrelation, becomes infinitely long. This is the mathematical symmetry between the inverse filter of infinite length required to spike out a wavelet of finite duration, and the filter of  finite length required to spike out the reverberating "wavelet" of infinite length. Values of filter coefficients for several reverberating "wavelet" lengths are shown in this figure. The longer the reverberation wave train, the closer the non-zero values returned by the system of simultaneous equations of predictive deconvo-lution will be to the exact values so easily determined from z-transform theory. Of course, the smaller the value of the water-bottom reflection coefficient, the shorter the filter needs to be because the autocorrelation function converges faster toward zero. The model results are shown in Figure 8.67.
The reader is encouraged to use the Mathematica program PDMultiples to investigate the convergence of the filter coefficients determined from predictive deconvolution toward the exact values known from 2-transform theory for the water-confined reverberation spike train. Choosing a larger reflection coefficient will result in a slower decay of the spike train and therefore will require a longer seismic trace, which in turn will require a longer autocorrelation and filter length, even though most of the filter coefficients are almost zero. There is only one correct solution for the deconvolution filter regardless of how it is obtained. See the CD-ROM that accompanies this volume for the Mathematica program PDMultiplesDRRST used to generate Figure 8.65.
8.3.4    Summary guidelines for predictive deconvolution
1. On the basis of the theory underlying the design of the predictive deconvo​lution filter it is difficult to recommend a spiking predictive deconvolution. This choice of a discards most of the energy .of the wavelet by wavelet trun​cation. Furthermore, the point that is not discarded is the first point in the wavelet(s) and therefore the one(s) just emerging from the noise with a poor S/N ratio with respect to the rest of the wavelet. A "spiking de-convolution" attempts to restore frequencies that were never recorded in the field in the first place. If a spiking deconvolution is desired one may compromise by choosing a "gap" (prediction distance) of a few points in​stead of just one, as discussed on page 491. This uses the first few points in the onset of the wavelet with a correspondingly better S/N ratio.
2. Predictive deconvolution is effective in removing long-period reverbera​tions and recovering the primary source wavelet itself. The designation of "short" and "long" is a general one and refers to end members be​tween which there exists a continuum of periods between multiples. Short-period multiples are simply overlapping multiples (see Section 8.2) that result in "ringing" on seismic traces; i.e., a lengthening of the primary source wavelet to what was called an "effective source wavelet" in Sec​tion 8.2. When the multiples become more widely separated in time they are referred to as "long-period". It is often possible to observe the po​larity changes between long-period successive multiples, as shown in Fig​ures 8.64 and 8.65. The time, or index a is the period of time between the arrival of successive multiples. Both short and long-period reverberations are minimum-delay. Long-period reverberations can be successfully re moved by predictive deconvolution because they are separated in time. It makes no difference what the delay characteristics are of the wavelet leav​ing the source, because all we do with predictive deconvolution is to remove the reverberations, and this can be done very effectively, leaving the de-reverberated wavelet, which can be minimum-, mixed-, or maximum-delay. Predictive deconvolution can be used to shorten the wavelet further, as long as the wavelet is minimum-delay. If it is not minimum-delay, then fil​ter coefficients existing for negative as well as positive time must be used. That is, a two-sided filter would be required with both an anticipation component and a memory component. For short period reverberations, predictive deconvolution is effective in shortening the duration of the re​verberation wave train associated with short-period (small values of the prediction distance a) multiples but it cannot recover the primary source wavelet itself because phase information is lost during the autocorrelation of the overlapping multiples. If the filter is not made long enough then only the central part of the reverberation wave train will be suppressed as shown on Figure 8.68 after Robinson and Treitel [153, page 281].
3. The theoretically best results are obtained by computing autocorrelation coefficients that are derived from the entire seismic trace when dealing with water-layer reverberations. In order for the PD system of equations to arrive at the exact values as determined by a 2- or 3-point Backus filter, the entire reverberating wave train must be recorded. For smaller values of the water-bottom reflection coefficient, this constraint can be relaxed because the reverberating spike train converges to small values quickly; however, windowing the trace serves no useful purpose except to save on computer time and is therefore not recommended. If the trace is contaminated by, for example, a surface wave noise train, then a good dereverberation might not be possible.
4. Predictive deconvolution can be used to remove water-layer reverbera​tions regardless of the delay characteristics of the primary source wavelet as long as the reverberations do not overlap significantly (i.e., they are long-period). If the reverberations overlap, as they do for short-period reverberations, then the primary source wavelet cannot be recovered.
5. In many of the examples shown in this section, the length of the prediction error filter for first-order ringing (a "water-confined-reflection reverbera​tion spike train") was taken to be equal to the length of the positive lags of the autocorrelation of the trace; however, after a length of a + n, the filter coefficients derived from the complete autocorrelation of the reverberation trace are close to zero anyway, as predicted by the 3-point Backus filter. The length of the prediction error filter therefore just has to span one reverberation. That is, given that ti is the two-way vertical traveltime through the water layer divided by the sample interval, then the inequal​ity q + n > ti must hold. It is only necessary that the prediction filter length of n points be such that the inequality a + n > ti holds [153].

6. The length of the prediction error filter for second-order ringing ("deep-reflection reverberation spike train") can be shortened from the length of the positive lags of the autocorrelation filter to a length of just a + 2n. The inequality a + n > it\ must hold. The length of the prediction error filter just has to span one period of the 2nd order reverberation to be removed— a single pair of reverberations of opposite polarity.
8.3.5    Predictive deconvolution—Conclusion
Although statistical predictive deconvolution is a common step in data process​ing, it should be noted that it is a mathematical procedure that is indifferent to the geologic model or the wavelet characteristics assumed by the interpreter. Part of the basis for a successful deconvolution depends on the assumed pro​portionality between the autocorrelation of the trace and the autocorrelation of the unknown wavelet. A common practice in attempting to shorten the length of an unseen wavelet is to choose a "gap" and then examine the autocorrelation of the trace to see if the autocorrelation function is attenuated after the gap. After the trace has been deconvolved, however, one can look at the autocorrela​tion of the deconvolved trace and it will always be attenuated over the interval defined by the length of the prediction filter (not over the interval defined by the length of the prediction error filter) because that's what the mathematics of the least-squares filter design is supposed to do. It does not signal a suc​cessful deconvolution or a shortened wavelet. It simply says that there are no bugs in the computer program that designed the least-squares prediction filter. The prediction error filter is designed to ignore the first part of the wavelet (by defining the "gap") and by attenuating its tail. It will even work if there is no wavelet at all because the mathematics is valid regardless of the statistical model the interpreter cares to assume. Of course, if the assumptions underlying the assumed model are correct, then predictive deconvolution works very well. It is hoped that the discussion in this volume further clarifies what predictive deconvolution does and what the penalty might be for requesting a "spiking decon" (usually followed by a cosmetic filter to remove the resulting noise).
Robinson [151, p. 293] in Volume 4A of this Handbook of Geophysical Exploration Series lists the following conditions that should hold for a successful application of predictive deconvolution:
1. The seismic wavelet is well-defined.
2. The seismic wavelet is a minimum delay time function (i.e., a stable causal time function with minimum-phase spectrum).
3. The additive noise is absent or small.
4. The spectrum of the reflectivity function (i.e., reflection coefficient series) is white.

5. The field trace is stationary, i.e., the wavelet does not change with time over a given time gate. A statistical test of the hypothesis that a time series is stationary has been discussed by Bryan [28].
6. The field trace is broad band. In reality, continues Robinson [151], the following conditions probably exist:
1. The seismic wavelet is not well defined.
2. The wavelet is stable and causal, but is mixed phase.
3. The additive noise may be great.
4. The spectrum of the reflectivity is not white.
5. The field trace is time-variant over the given time gate.
6. The field trace is narrow band. Schneider [155] noted
The work horse of statistical wavelet deconvolution for the past one and one half decades has been the predictive decomposition ap​proach, which assumes the reflectivity function is statistically white and the convolutional wavelet is minimum-phase. To say that this has not been an effective tool is to condemn hundreds of thousands of miles of seismic processing and to deny untold millions of barrels of oil discovered from these data.
More recently [33, Gary, p. 20]
Despite isolated arguments in favor of deterministic approaches to deconvolution, statistical deconvolution still prevails. A consequence is that the phase of our data will continue to be somewhat uncertain without the ability to match it to synthetic seismograms derived from well logs.
The reader is referred to Volume 4A in this Handbook of Geophysical Explora​tion for a detailed treatment of seismic inversion and deconvolution [151].
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Fig.6.Minimum delaywavelet (a) is convolved with a reflection coefficient serie (b) and w eget the seismic trace (c). Same trace added with random noise (d). (e) deconvolved noise free trace α=2, (f) deconvolved noisy trace α=2,
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Fig.6.Removal of 1.st order (water confined reverberation spike train) long period multiples by predictive deconvolution using (5.17)Top: Minimum delay wavelet. 1.st order ringing. Seismogram convolved. Autocorrelation of entire trace used to design the filter. Predictive decon filter. Bottom: Original wavelet recovered.
Fig.6.Removal of 2.nd order (water confined reverberation spike train) long period multiples by predictive deconvolution using (5.17)Top: Minimum delay wavelet. 1.st order ringing. Seismogram convolved. Autocorrelation of entire trace used to design the filter. Predictive decon filter. Bottom: Original wavelet recovered.
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Fig.6.Removal of 1.st order short period multiples by predicitve deconvolution using (5.17)Top: Minimum delay wavelet. 1.st order ringing. Seimogram convolved. Autocorrelation of entire trace used to design the filter. Predicitve decon filter. Bottom: Original wavelet recovered.
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